We assess the risk of an Earth impact for asteroid (99942) Apophis by means of a statistical analysis accounting for the uncertainty of both the orbital solution and the Yarkovsky effect. We select those observations with either rigorous uncertainty information provided by the observer or a high established accuracy. For the Yarkovsky effect we perform a Monte Carlo simulation that fully accounts for the uncertainty in the physical characterization, especially for the unknown spin orientation. By mapping the uncertainty information onto the 2029 b-plane and identifying the keyholes corresponding to subsequent impacts we assess the impact risk for future encounters. In particular, we find an impact probability greater than 10 −6 for an impact in 2068. We analyze the stability of the impact probability with respect to the assumptions on Apophis' physical characterization and consider the possible effect of the early 2013 radar apparition.
Introduction
Asteroid ( In the following days, issues related to telescope scheduling, bad weather, and lunar interference made it impossible to collect new observations. By the time the Moon was out of the way, the solar elongation had become too small, thus making the object even more difficult to observe. Thus, the asteroid was lost until December 2004, when it was rediscovered by G. J. Garradd at Siding Springs, Australia (Gilmore et al., 2004) . Thanks to the Decem- 6 Earth radii nominal distance from the geocenter in 2029 (Giorgini et al., 2008) . Though the 2029 impact was ruled out, other potential impacts were revealed in the following decades. Moreover, the exceptionally small close approach distance turns a well determined pre-2029 orbit to a poorly known post-2029 orbit for which scattering effects are dominant. Therefore, even small perturbations prior to 2029 play an important role.
Chesley (2006) shows that the Yarkovsky effect (Bottke et al., 2006) substantially affects post-2029 predictions, and therefore has to be taken into account for Apophis impact predictions. Bancelin et al. (2012) also suggest that the Yarkovsky effect is relevant, though they do not account for the corresponding perturbation for their risk assessment. However, the available physical characterization of Apophis is not sufficient to estimate the Yarkovsky effect as was done in the case of asteroid (101955) 1999 RQ 36 Chesley et al., 2012) . In particular the lack of information for spin orientation does not allow one to determine whether the Apophis semimajor axis is drifting inwards or outwards. In some cases, the orbital drift associated with the Yarkovsky effect can be measured from the orbital fit to the observations (Farnocchia et al., 2013) . Unluckily, this
is not yet possible for Apophis, and upcoming radar observations are unlikely to help in constraining the Yarkovsky effect. Another nongravitational perturbation that could be important is solar radiation pressure. However, Zižka and Vokrouhlický (2011) show that solar radiation pressure has a much smaller effect on the Apophis trajectory than does the Yarkovsky effect.
Orbit determination

Dynamical model
The scattering close approach in 2029 calls for a dynamical model that is as accurate as possible. We used an N-body model that includes the Newtonian attraction of the Sun, the planets, the Moon, and Pluto. These accelerations are based on JPL's DE424 planetary ephemerides (Folkner, 2011) . We further added the attraction of 25 perturbing asteroids, which are listed in Table 1 .
As was already pointed out by Chesley et al. (2012) and Farnocchia et al. (2013) , the relativistic terms of the planets are important when dealing with high precision orbit modeling. Therefore, we used the Einstein-InfeldHoffman approximation (Moyer, 2003) , which accounts for planetary relativistic effects.
Astrometry
We aimed at using only high quality astrometry. Therefore, we selected observations from Tholen et al. (2012) , for which rigorous uncertainty information is provided by the observer. In particular, Tholen et al. (2012) quantify the error due to different sources:
• astrometric fit error ∆α a and ∆δ a ;
• centroiding error ∆α χ and ∆δ χ ;
• tracking error ∆α t and ∆δ t .
These observations were obtained by Mauna Kea and Kitt Peak observatories and were reduced using the 2MASS star catalog (Skrutskie et al., 2006) .
Though 2MASS has been recently used as a reference to remove systematic errors present in other catalogs (Chesley et al., 2010) , Zacharias et al. (2003) discuss the presence of biases in the 2MASS catalog, and 0.02" systematic errors in declination are reported by Tholen et al. (2012) . Moreover, Tholen et al. (2013) show how the absence of proper motion in the 2MASS catalog is responsible for regional biases detected in 2011 Pan-STARRS PS1 asteroid astrometry . The bias in declination due to the absence of proper motion is fairly close to a mean value 0.05". On the other hand the right ascension bias is variable, getting as large as 0.14", and shows a strong regional signature. Even so, 0.05" is a reasonable mean for the right ascension bias too. Therefore, to mitigate the absence of proper motion, we relaxed the observational weights by adding a time dependent uncertainty component related to proper motion biases according to
where yr is the year of the observation.
This time-dependent component of the bias takes into account the uncorrected proper motion between the epoch of the observation and the reference epoch of the 2MASS catalog (J2000). However, since the 2MASS catalog has been obtained from images taken over a period of about 3 years, and not instantaneously at the reference epoch, even the nominal J2000 positions in the catalog may be biased by an amount directly related to how long before the year 2000 they were actually observed by the survey. Therefore, we conservatively assumed an additional σ B = 0.04" error component that accounts for the intrinsic bias of the catalog at the J2000 epoch.
By rolling up all the sources of error, we gave the Tholen et al. (2012) observations the following individual weights:
where N is the number of observations in the same night and accounts for the fact that catalog biases of observations obtained in the same region of the sky are expected to be highly correlated (since the same stars were used in the astrometric solution). The results in Milani et al. (2012) and Tholen et al. (2013) show that the angular scale of the correlation in the proper motion bias is larger than the typical sky-plane motion of Apophis in one night.
Therefore, the temporal correlation of the biases likely extends to more than a single night of observations, and N should be increased to include all observations within a certain angular distance of each other (up to a few tens of degrees, and location-dependent). A better statistical treatment would be to correct the observations by subtracting the mentioned biases. However, this is beyond the scope of the present paper and we plan to address this issue in the future.
In our analysis we also include a 2MASS-based position from the This radar apparition produced 2 delay and 5 Doppler measurements for which rigorous uncertainty information is available (Giorgini et al., 2008) . (2) and (3):
On the other hand, Magdalena Ridge observations are reduced using the USNO-B1.0 catalog (Monet et al., 2003) , which accounts for proper motion.
We therefore debiased according to Chesley et al. (2010) and weighted these observations at 0.30". These twelve observations doubled the observed arc with quality comparable to the Tholen et al. (2012) astrometry.
Orbital solution
By using the observational data described in Sec. 2.2 we obtain the osculating orbital elements in Table 2 . We then mapped the orbital elements and their uncertainties to the 2029 b-plane (Valsecchi et al., 2003) . Figure 1 shows the positions on the b-plane corresponding to the orbital solutions: T is for only Tholen et al. observations and Magdalena Ridge observations. Table 3 It is worth noting that the T and TRO nominal solutions are significantly shifted with respect to the TR prediction: the distances in σ-space are 1.85 and 1.46, respectively. This difference may point to the need for a better data treatment that consists in correcting observations for catalog and proper motion biases, as discussed in Sec. 2.2. It is also interesting to note that the solution obtained with the full dataset is at 0.60 σ from the TRO prediction and the improvement in the orbital uncertainty is about 20%. As Królikowska et al. (2009) show that an appropriate selection of the astrometric weighting scheme may be essential for impact predictions, we prefer to use TRO as nominal solution, as we have observations with a more reliable internal consistency and uncertainty estimate. Ridge observations. Note that the axes do not use the same scale.
The Yarkovsky effect
The Yarkovsky effect is a nongravitational perturbation that causes asteroids to undergo a secular variation in semimajor axis, resulting in a quadratic in time runoff in anomaly.
As described in Farnocchia et al. (2013) , we modeled the Yarkovsky effect as a purely transverse acceleration a t = A 2 /r 2 , where r is the heliocentric distance and A 2 is a function of the asteroid's physical quantities. The corresponding semimajor axis drift can be computed as
where e is the eccentricity, n is the mean motion, and p is the semilatus rectum.
As mentioned, A 2 can be neither computed from the available physical characterization nor estimated from the orbital fit. In fact, with current astrometry we get an uncertainty σ and a total porosity between 4% and 62%. This leads to a density ρ between 1.29 and 3.46 g/cm 3 . Therefore, we assumed a lognormal distribution with mean 2.20 g/cm 3 and variance 0.3 g 2 /cm 6 (see middle left panel of Fig. 2 ). This distribution is consistent with the constraints of Binzel et al. (2009) , as the probability of being smaller than 1.14 g/cm 3 or larger than 3.24 g/cm 3 is 2.03% and 2.47%, respectively.
• • Behrend's asteroids and comets rotation curves website 5 reports a rotation period P rot = (30.4008 ± 0.0144) h 6 , therefore we used the corresponding normal distribution (bottom left panel of Fig. 2 ).
• The obliquity of the Apophis rotational pole is unknown. Assuming a uniform distribution for the obliquity is a poor approximation. In fact, according to La Spina et al. (2004) retrograde and direct rotators are in a 2:1 ratio within the NEO population. As shown in the bottom right panel of Fig. 2 , we used the obliquity distribution from Farnocchia et al. (2013) , where the obliquity is inferred from a list of detections of the Yarkovsky effect.
For each point in the Monte Carlo sampling we computed the associated A 2 according to Farnocchia et al. (2013) , which is based on the linear model of Vokrouhlický et al. (2000) , and the orbital drift was then obtained by (6). The overall ζ distribution is therefore obtained as the convolution of the starting probability density functions. It is interesting to see how the overall probability density function (PDF) is close to the Yarkovsky PDF. This is due to the low dispersion of ζ related to the orbital uncertainty PDF: if the latter were a Dirac delta function, the overall PDF would coincide with the Yarkovsky PDF. The figure also contains the keyholes, where the height of the corresponding bars is determined by the keyhole width. The impact probability can be computed as the product of the width of the keyholes and the PDF. Table 4 reports the information on the keyholes along with the associated impact probability.
The results contained in Table 4 depend on the assumptions made on the physical modeling. For example, using a distribution for which a retrograde rotator is so much more likely than a direct one could be inaccurate. In general, we expect that the impact probabilities associated with keyholes close to the peaks of the PDF should be more stable, while those associated with keyholes in the tails of the distribution should be more sensitive to changes in the assumptions because of the exponential decay. To confirm this idea, Table 5 
where f 1 and f 2 are the PDF of ζ 2029 and A ′ 2 , and w is the keyhole width. We checked that for different values of A ′ 2 the keyhole location changes only slightly (up to 0.5 km) and the width does not change significantly. Therefore, IP does not depend significantly on A ′ 2 .
Early 2013 apparition
As already mentioned, the observational dataset available for Apophis does not allow us to measure the Yarkovsky effect from the orbital fit.
Apophis is scheduled to be observed from the Goldstone radar observatory in detectable with the next radar apparition. To further quantify this, we simulated synthetic delay measurements on 2013 February 5 and 6 (see Table 6 ).
As the relative accuracy of delay measurements is ∼100 times better than the relative accuracy of Doppler measurements, two delay measurements provide a stronger orbital constraint than a single delay/Doppler pair. For each scenario we tried to determine A 2 as was done in Farnocchia et al. (2013) . We found σ A 2 = 48 × 10 −15 au/d 2 with the simulated radar data, which is about two times larger than a reasonable value of |A 2 |.
This result may look surprising, since in the cases of (6489) Golevka and 1999 RQ 36 (Chesley et al., 2012 ) the availability of three radar apparitions allowed strong detections of the Yarkovsky effect.
However, in these cases the time span covered by radar observations was 12
yr ( with uncertainties 5.30 km and 11.00 km, respectively. While the uncertainty in ξ is almost the same, the uncertainty in ζ decreased by a factor of 4 and then the corresponding PDF of ζ due to the orbital uncertainty is even closer to a Dirac delta function. As a consequence, the Yarkovsky PDF and the overall PDF have almost the same curve. The changes in the IP are mostly due to a shift of about -300 km of the nominal Yarkovsky-free prediction.
All the virtual impactors (Milani et al., 2005a) of Table 4 Though the Yarkovsky effect will not be constrained, radar and optical photometry can provide independent information to improve Apophis' physical modeling. In particular, it may be possible to further constrain the diameter and the albedo, and to estimate the spin orientation, which would allow us to remove the bimodality in the Yarkovsky distribution. We obtained the distribution on the 2029 b-plane by combining the orbital uncertainty and the dispersion due to the Yarkovsky effect. We then found twenty keyholes corresponding to future impacts and computed the corresponding impact probabilities. In particular, we found a 2.27 × 10 −6 impact probability for an impact in 2068.
We analyzed the stability of the computed impact probabilities with respect to the assumed Apophis' physical characterization. Impacts corresponding to keyholes close to the nominal solution have a stable impact probability (the order of magnitude does not change). On the other hand, for keyholes in the tails of the distribution we found variations up to three orders of magnitude.
We also showed that the February 2013 radar apparition will not allow a direct detection of the Yarkovsky effect, and therefore the post-2029 possibility of impact will not be ruled out. The main contribution will be a reduction of the orbital uncertainty, thus making the dispersion due to the Yarkovsky the predominant source of uncertainty. 
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